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Abstract: In this study, the lattice Boltzmann method (LBM) was used to simulate the solute 
transport in a single rough fracture. The self-affine rough fracture wall was generated with the 
successive random addition method. The ability of the developed LBM to simulate the solute 
transport was validated by Taylor dispersion. The effect of fluid velocity on the solute transport in 
a single rough fracture was investigated using the LBM. The breakthrough curves (BTCs) for 
continuous injection sources in rough fractures were analyzed and discussed with different 
Reynolds numbers (Re). The results show that the rough fracture wall leads to a large fluid 
velocity gradient across the aperture. Consequently, there is a broad distribution of the immobile 
region along the rough fracture wall. This distribution of the immobile region is very sensitive to 
the Re and fracture geometry, and the immobile region is enlarged with the increase of Re and 
roughness. The concentration of the solute front in the mobile region increases with the Re. 
Furthermore, the Re and roughness have significant effects on BTCs, and the slow solute molecule 
exchange between the mobile and immobile regions results in a long breakthrough tail for the 
rough fracture. This study also demonstrates that the developed LBM can be effective in studying 
the solute transport in a rough fracture.     
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1 Introduction 
The importance of solute transport in fractured rock has long been recognized in many 
fields, such as water resources assessment, tracer testing at the field scale, and groundwater 
pollutant remedy. In particular, the process of non-aqueous phase liquid (NAPL) 
bioremediation involves immiscible and miscible two-phase flow (Dou et al. 2012). The rate 
of mass transfer between NAPLs and pure water is strongly dependent on the rate of solute 
transport. The solute transport in a fracture is a very complicated process and is influenced by 
a number of factors (Dou et al. 2013). For most studies on solute transport in a fracture, it is 
usually assumed that the fracture surface is smooth. However, in practice, the fracture wall is 
extremely rough and the roughness of the fracture surface has an important impact on solute 
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transport. Meanwhile, it is well known that the solute transport relies not only upon the 
roughness of the fracture surface but also on the flow field conditions. The flow field 
conditions are important for modeling many subsurface transport problems (Crandall et al. 
2010; Cai et al. 2010). The variation of the aperture in a rough fracture causes a heterogeneous 
fluid velocity field that affects solute transport (Qian et al. 2011). 
Due to the varying fluid velocity at the cross-section of a fracture, some of the solutes 
remain static in the immobile fluid regions, and other mobile solutes go through the middle 
cross-section of the fracture. The solute in the immobile fluid regions might result in a long 
breakthrough tail. The phenomenon in which solute moves quickly through the middle of the 
fracture but slowly along the fracture wall can be described as the film transport. This film 
transport leads to a high degree of solute dispersion and a long tail of the breakthrough curve 
(BTC) (Yeo 2001). The roughness of the fracture wall has a significant effect on the thickness 
of film and film transport (Or and Tuller 2000). Many field and laboratory studies on solute 
transport have been conducted to investigate the influence of roughness on solute transport. 
The traditional parallel plate model undergoes a serious challenge in describing the properties 
of the solute transport in a natural fracture with rough surface walls. Thompson (1991) 
presented a two-dimensional numerical simulation of solute transport in a fracture with fractal 
surface walls and found that the effective solute velocity is significantly less than the 
calculated fluid velocity due to the occurrence of different contact areas and resulting 
transverse dispersion in the fracture. Zhang (2000) studied the solute transport in 
heterogeneous soils and found that the heterogeneity of soils has a significant effect on solute 
molecular travel time, which refers to the time that a solute molecule takes to move from the 
inlet to the outlet. Auradou et al. (2001) experimentally studied the solute fronts in rough 
self-affine fractures. Their results revealed that the solute front varied with the displacement 
mechanism. Cardenas et al. (2009) simulated the solute transport in a rough asymmetric 
fracture and confirmed that the roughness of the fracture wall could lead to a long tail of the 
breakthrough curve. In this paper, the travel time refers to the time that the solute molecule 
takes to break through the whole fracture. 
In recent years, the lattice Boltzmann method (LBM) has received broad recognition. The 
LBM is a powerful technique for the computational modeling of a wide variety of complex 
fluid flow problems, including single- and multi-phase flows in complex geometries. This 
method naturally accommodates a variety of boundary conditions. Some studies have  
reported that the LBM is capable of simulating the solute transport and solving the 
advection-dispersion equation. Zhang et al. (2002) used the LBM to solve the two-dimensional 
(2D) advection and anisotropic dispersion equation (AADE) based on the uniform flow field. 
A similar study was reported by Zhou (2009). However, research on solute transport in a 
self-affine rough fracture with a non-uniform flow field is still limited. 
The main objective of this study was to investigate the influence of a non-uniform flow 
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field on solute transport in a single rough fracture. The self-affine rough fracture wall was 
generated by the successive random addition method. Two distribution functions of lattice 
Boltzmann equations were used to represent the flow and concentration fields, respectively. 
The capability of this method for simulating the solute transport in a rough fracture with 
consideration of the non-uniform flow field was examined by Taylor dispersion. The 
characteristics of solute transport and the corresponding BTCs are analyzed and discussed. 
2 Method 
2.1 Coupling flow and concentration fields with lattice Boltzmann method 
Two distribution functions are used to represent the flow and concentration fields, 
respectively. The evolution equation of each distribution function satisfies the following lattice 
Boltzmann equation with a single relaxation time: 
 ( ) ( ) ( ) ( )eq, , , ,i i i i itf t t t f t f t f tτ
Δ ª º+ Δ + Δ = − −¬ ¼X e X X X  (1) 
 ( ) ( ) ( ) ( )eq, , , ,i i i i itc t t t c t c t c tτ
Δ ª º+ Δ + Δ = − −¬ ¼
′
X e X X X  (2) 
where ( ),if tX  and ( ),ic tX  are the distribution functions for fluid particles and solute 
particles in the i direction with a velocity ie  at position X and time t, respectively, where in 
the two-dimensional nine-speed (D2Q9) model adopted in this study, the nine possible particle 
velocities ( 0 1 8, , ,"e e e ) are given by 
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where c x t= Δ Δ , with xΔ  being the lattice space and tΔ  being the time step; τ  and τ ′  are 
two different dimensionless relaxation times; and ( )eq ,if tX  and ( )eq ,ic tX  are the equilibrium 
distribution functions for the fluid and solute, respectively, defined as 
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where sc  is the lattice sound speed (lu/ts); equ  is the local equilibrium velocity vector; and 
iω  is the weight, which, for the D2Q9 model, is given by 
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 (6) 
ρ  and C are the macroscopic fluid density and solute concentration, respectively, and can 
respectively be expressed as  
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The fluid pressure p can be expressed as 
 2sp c ρ=  (9) 
Depending on the different dimensionless relaxation times (τ  and τ ′ ) in Eqs. (1) and (2), 
the corresponding kinematic viscosity and diffusion coefficient are obtained by 
 ( )2s 0.5c tυ τ= − Δ  (10) 
 ( )2f s 0.5D c tτ ′= − Δ  (11) 
Using the Chapman-Enskog expansion, the Navier-Stokes equation can be recovered with 
second-order accuracy from the LBM for the fluid field (Eq. (1)). Similarly, the solute particle 
distribution function (Eq. (2)) can be recovered with the macroscopic advection-diffusion 
equation. Thus, the governing equations in the model that couples the flow and concentration 
fields are given by 
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In our simulations, any lattice node in the computational domain represents either a solid 
node or a fluid node. For the solid node, before the streaming, the bounce-back algorithm 
instead of the collision step is implemented with a non-slip wall boundary condition. All 
simulations were realized with the C++ code. 
2.2 Self-affine rough fracture 
An ideal self-affine profile can be generated using the simple algorithm suggested by 
Voss (1988). For a two-dimensional self-affine rough fracture, a self-affine set is invariant 
under the affinity transformation. Thus, the height of a self-affine rough profile along the 
horizontal direction (x direction), h(x), satisfies the following formula: 
 ( ) ( )Hh x h xλ λ=  (15) 
where H is the roughness or Hurst exponent, and λ  is a scaling factor. There is ample 
evidence that the Hurst exponent of natural fractures in rock is 0.8 0.05H ≅ ± . Schmittbuhl 
et al. (1993) recorded the height of a granitic fault surface as a function of position along 
one-dimensional profiles. Their results revealed that the profiles followed an anisotropic 
scaling invariance (self-affinity) and the Hurst exponent was 0.85H ≈ . Boffa et al. (1998) 
used high-resolution roughness measurements to study the fractured granite and basalt. They 
found that the fracture profiles for the granite and basalt displayed a self-affine geometry with 
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a characteristic Hurst exponent 0.8H ≈ . There are three methods commonly used to 
construct a synthetic self-affine fracture wall surface: the successive random addition method, 
the randomization of the Weierstrass function based on Mandelbrot, and the Fourier 
transformation. In this study, the successive random addition method was applied to generate 
rough fracture walls. This method is a straightforward way of generating self-affine surfaces 
and consists of three major steps. First, ( )ih x  are initialized with 0ih =  at points 
1 2, , , nx x x" , where ( )ih x  is the height along the x direction after the ith iteration, and n is 
the number of points in the x direction. Second, a standard Gaussian variable 0ihδ  with 
variance 20 1σ =  is added to the initialized height to obtain 0i ih hδ+ . Then, the mid-height 
between ( )ih x  and ( )1ih x+  is estimated by interpolation: 
 ( )1/ 2 0 1 0 112i i i i ih h h h hδ δ+ + += + + +  (16) 
and all the mid-heights for all points ( 1 2, , , nx x x" ) are renumbered from 1 to 2n-1. This 
process is repeated a great number of times and, at the nth iteration, the variance of the 
centered Gaussian variable 0i ih hδ+  is equal to 2 20 2 Hnσ . Thus, the height of a self-affine 
rough profile along the x direction ( )ih x  is equal to the value of ( )ih x  at the nth iteration. 
Fig. 1 shows two self-affine rough fracture walls with different Hurst exponents.  
 
Fig. 1 Self-affine fracture walls with different Hurst exponents 
3 Results and Discussion 
3.1 Taylor dispersion simulation 
A simple demonstration of the capability of LBM for simulation of solute transport in a 
rough fracture is the simulation of Taylor dispersion (Fig. 2). Stockman et al. (1997) used the 
lattice-gas model to simulate Taylor dispersion:  
 
2 2
m
m210
b vD D
D
= +  (17) 
where D is the dispersion coefficient, b is the aperture within a single fracture, mD  is the 
molecule diffusion coefficient, and v is the mean velocity of the flow. Taylor dispersion occurs 
as a result of the velocity variations across the fracture aperture due to diffusion. Here we used 
two regular lattice Boltzmann equations to demonstrate Taylor dispersion. Fig. 2 shows Taylor 
dispersion in a single fracture, where the red contours represent the fracture wall surfaces and 
C0 is the initial solute concentration. 
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Fig. 3 Dispersion coefficients obtained from 
LBM and Eq. (17) 
 
Fig. 2 Taylor dispersion in single fracture 
A series of case studies with different apertures were conducted to examine the ability of 
LBM to simulate Taylor dispersion in a single fracture. The channel widths were 5 to 50 lu and 
the lengths were 100 to 1000 lu. The average 
velocities for all simulations were set to  
0.007 lu/ts. The molecule diffusion coefficient 
was set to Dm = 0.0013 lu2/ts. Fig. 3 shows 
the analytical solution (Eq. (17)) and the 
dispersion coefficient estimated through 
fitting the breakthrough curves computed 
with LBM to solutions to the 
advection-dispersion equation (ADE). It can 
be seen that the results of LBM are 
consistent with the analytical solution.  
3.2 Characteristics of solute transport in single rough fracture 
3.2.1 Effect of fluid velocity on solute transport in single rough fracture  
A series of simulations of solute transport in a single rough fracture with different fluid 
velocities were conducted with the continuous injection method. Two self-affine fracture walls 
with H = 0.8 and H = 0.7 for the upper and lower fracture walls, respectively, were generated. 
A computational domain of 550 lu × 130 lu representing a two-dimensional variable-aperture 
fracture was used. The flow direction was from left to right (Fig. 4). For a concentration field, 
the constant concentration and full developed boundary conditions were used for the inlet and 
outlet, respectively. For the flow field, the periodic boundary condition was used for the inlet 
and outlet, respectively. Fig. 4 shows the steady-state velocity field in a two-dimensional 
variable-aperture fracture, where the red line represents the fracture wall, the black arrow with 
a tail represents the velocity field, and the dashed blue line represents the parallel single 
fracture. It can be seen from Fig. 4 that the velocity field is non-uniform and varies with the 
apertures of the fracture, and the rough fracture wall leads to a large fluid velocity gradient 
across the aperture. Due to the limitation of computational capacity, the mean aperture b  for 
the variable-aperture fracture was 63 lu, as shown in Fig. 4. It is noted that the mean aperture 
has a significant effect on solute transport. Thus, the mean aperture was constant for the 
oncoming single fractures in this study.  
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Fig. 4 Flow field in a single rough fracture 
In order to investigate the effect of fluid velocity on solute transport in single rough 
fractures, two cases with different Re values (Re = 13 and Re = 86) were examined.  
Fig. 5 shows the process of solute transport in the rough fracture for Re = 13, where the 
red contour represents the fracture wall. It can be seen from the figure that the roughness of a 
fracture wall has a significant effect on the pathway of solute transport. As shown in Fig. 4, the 
flow field in the rough fracture is strongly dependent on the geometry of the aperture. Solutes 
go preferentially through the middle region of the aperture due to the relatively fast local fluid 
velocity. The solute fronts are first observed in the middle region of the aperture and the front 
spreading pathway varies with the local fluid velocity due to the roughness. Thus, the fracture 
geometry has a significant effect on the mobile region for solute transport. As more solutes are 
injected, the concentration of the solute front decreases due to the dominant molecular 
diffusion. This may result in a shorter breakthrough time. After solutes break through the 
whole fracture, solutes continue to diffuse toward the rough fracture walls (Figs. 5(c) and 5(d)) 
due to the transverse concentration gradient. This concentration gradient induces a transverse 
solute flux that enhances macro-dispersion. However, some regions with little solute 
(immobile regions) are observed (Fig. 5(d)) and remain low-concentration. The occurrence of 
these immobile regions is due to two factors: fluid velocities in these regions are close to zero, 
associated with the low solute flux, and the concentration increases slowly due to the solute 
molecular diffusion. The solute transport in the immobile region is controlled by the molecular 
diffusion mechanism. In theory, the solute molecules will be diffusing throughout the injection 
time and will be in equilibrium at infinite injection time. However, in this study, if the outlet 
 
Fig. 5 Process of solute transport in rough fracture for Re = 13 
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concentration difference for a period of 8 000 ts was less than 0.1%, it was assumed that the 
final steady state for solute transport had arrived. In fact, the equilibrium state of solute 
molecular diffusion in these regions will last a very long time in a field test, even with a small 
Re. Thus, the mobile and immobile regions form as shown in Fig. 5(d). 
Fig. 6 shows the process of solute transport in the rough fracture for Re = 86. In this case, 
the geometry of the aperture in the rough fracture is completely consistent with that in the case 
with Re = 13. It can be seen from Fig. 6 that the increasing fluid velocity has a significant 
effect on solute transport in the rough fracture. The solute concentration gradient rises due to 
the dominant advection mechanism. The solute front with a high concentration gradient 
spreads in the middle of the aperture where the fluid velocity is relatively high. Although the 
advection is dominant for solute transport, the solutes can diffuse toward the rough fracture 
wall where the solute concentration is relatively low. This slow diffusion process results in the 
increment of marco-dispersion, which is similar to the case with Re = 13. The flow field has a 
significant effect on the distribution of solute concentration. Comparing Fig. 6(d) to Fig. 5(d), 
it can be seen that the boundaries between the immobile and mobile regions in Fig. 6(d) 
become distinct. This is because the greater Re value associates with the stronger advection 
effect on solute transport. The slow process of solute molecular diffusion takes limited time to 
reach the final steady state. It can also be found that the area of the immobile region in Fig. (6) 
is greater than that in Fig. (5). Furthermore, the distribution of the immobile region along the 
rough fracture wall is sensitive to the fracture geometry. The lesser roughness leads to a 
smaller immobile region for solute transport in the rough fracture.  
 
Fig. 6 Process of solute transport in rough fracture for Re = 86 
3.2.2 Breakthrough curve 
For the smooth parallel fracture with continuous injection of a constant concentration, the 
classical analytical solution with the longitude dispersion coefficient DL is as follows (Bodin 
et al. 2003): 
 0f
LL L
( , ) erfc exp erfc
2 2 2
C x vt vx x vtC x t
DD t D t
ª º§ · § ·§ ·
− +
= +« »¨ ¸ ¨ ¸¨ ¸¨ ¸ ¨ ¸« »© ¹© ¹ © ¹¬ ¼
 (18) 
 Zhi DOU et al. Water Science and Engineering, Jul. 2014, Vol. 7, No. 3, 277-287 285
with the following initial and boundary conditions: 
 ( )f ,0 0C x =  (19) 
 ( )f 00,C t C=  (20) 
 ( )f , 0C t∞ =  (21) 
where ( )f ,C x t  is the solute concentration at position x and time t. 
Fig. 7 shows the BTCs for different Re values in the rough and smooth fractures, where 
the dimensionless time T=t/T0, with T0 being the total time. For the solute transport in the 
smooth fracture, the Re value is set to 13, which is the same as one value in the rough fracture. 
The analytical solutions are calculated by Eq. (18). The results of LBM are in good agreement 
with the analytical solutions. The maximum error between analytical solutions and results of 
LBM is less than 0.15%. Fig. 7 shows that not only the Re but also the roughness has a 
significant effect on BTCs. For the BTC, the long breakthrough time indicates the long travel 
time. As expected, the smaller Re leads to the longer travel time in the rough fracture. 
Moreover, the travel times for the cases with Re = 13 and Re = 86 are less than that in the 
smooth fracture for Re = 13. The travel time for the solute molecule strongly relies on the fluid 
velocity in the middle of the aperture for the rough fracture. Even though Re is constant for 
both rough and smooth fractures, the travel time is different. This is because the fluid velocity 
in the middle of the aperture for the rough fracture is greater than that for the smooth fracture 
due to the variation of the aperture in the rough fracture. The travel time is sensitive to     
the roughness.  
 
Fig. 7 Breakthrough curves for different Re values and types of fracture 
In addition, long tails at the end of BTCs for the cases of the rough fracture are observed. 
For the type of rough fracture in this study, a reasonable explanation for the long breakthrough 
tail, suggested by Raven et al. (1988), is that the diffusive exchange of solutes between the 
mobile and immobile regions occurs.  
4 Conclusions 
In this study, the developed LBM was used to simulate the solute transport in a self-affine 
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rough fracture. The ability of the developed LBM to simulate the solute transport was 
examined through Taylor dispersion. This study demonstrated that the LBM was very effective 
in simulating the solute transport in a rough fracture. The main conclusions are as follows: 
(1) Since the roughness led to the non-uniform fluid velocity field in the fracture, the 
pathways of solute transport were separated into the mobile and immobile regions. The mobile 
region was distributed along the central aperture in the rough fracture and the advection 
mechanism was dominant for the solute transport in the mobile region. The immobile region 
was observed near the rough fracture walls and the molecular diffusion mechanism was 
dominant for the solute transport in the immobile region. 
(2) The distribution of the immobile region was sensitive to both the Re and fracture 
geometry, and the immobile region was enlarged with the increase of the Re and roughness.  
(3) The concentration of the solute front in the mobile region increased with the Re. The 
concentration of the solute front decreased due to the dominant molecular diffusion. This may 
result in a shorter breakthrough time. 
(4) The Re and roughness have significant effects on BTCs, and the slow solute molecule 
exchange between the mobile and immobile regions results in a long breakthrough tail for the 
single rough fracture. 
The current study was limited to a two-dimensional single rough fracture. 
Three-dimensional fractures will be examined in our future research. In this study, the solute 
transport was studied in a single rough fracture with different Re values. Future studies will 
further consider the different roughness values in a single fracture. 
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